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Tue next volume (Vol. III.) of the Mathematical Monthly will be published in 
Cambridge by Sever and Francis, Booksellers to the University, to whom all remit- 
tances, and all business communications pertaining to the Monthly, should be addressed. 
It will also be published by A. S. Barnes and Burr, 51 and 53 John Street, New 
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In order to induce the formation of Clubs, and thus make the first and second volumes 
aid in sustaining the third, together with the prizes for the coming year (for which see 
Editorial Items in next Number), the Editor has decided to offer the following 
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A single Copy, » ° ; ‘ - $3.00 per annum, in advance. 
Two Copies to one Address, . - ‘ 5.00 “ 
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copy of Vol. IIT. gratis ; for a club of ten ($ 20.00), Vols. II. and III. gratis ; for a 
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Cambridge, Mass. 
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All parties in New York City who wish to advertise in the Mathematical Monthly 


will please send their favors to Messrs. A. S. BArnes & Burr, by the fifteenth of each 
month. 
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PRIZE PROBLEMS FOR STUDENTS. 


I. Ir AB, CD be chords of a circle at right angles to each other, 
prove that the sum of the arcs A C, B D is equal to half the circum- 
ference. 

II. Prove that the cube of any number and the number itself, 
being divided by 6, leave the same remainder. 

III. It is required to divide a given right cone into two parts, 
having the ratio of m to n, by a plane making an angle of p degrees 
with the axis.— Communicated by Prof. Wray Bzarriz, lowa Wes- 
leyan University. 

IV. In any spherical triangle, 

sin s sin (s —a@) sin(s—6) sin(s—c) _ cosa cosb cose—1 
cos S cos (S—.A) cos (S— B) cos (S—C) ~ cosa cos b cose+1’ 
in which s=}4(a+6-+c), S=4(A+ B+ C).— Communicated 
by Prof. H. H. Wurre, Harrodsburg, Ky. 

V. Describe an ellipse having its foci at any points on one of the 
asymptotes of an equilateral hyperbola. The ellipse will cut each 
branch of the hyperbola and its conjugate in two real or imaginary 
points. Prove that a chord joining one pair of these points will be 
perpendicular to one of the other similar chords. Prove it first for 
a circle and then for an ellipse. 

Solutions of these problems must be received by November 1, 
1860. 
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NOTES AND QUERIES. 


1. Commensurable Sides of Right-angled Triangles nearly Isosceles. — If 
in the equation, 
(2a, b,)° + (4,2 — 6,2? = (a2 + 6,7), 
we put a= 1,3,=—0, then f+ Fe PF; 
a]{—=— 23£4—1, . Pi F— 8; 
ag 5, b, = 2, ” 207 a 21? — 29° ; 
a, = 1%, 4, = 6, « 120? + 121? — 169°; 
and in general, if a, = 2a,_,-+ 4,_1, 5, a,_,, then, 


(4 ay + 2 An-1 b,1)* + (3 ay + 4 | bya + Br4)* = (5 ay + 4 Ay-1 b+ + b2_,)?. 


Also, 
(2 a, b,) = (ax eines be) = (ayy i m1) ame (2 an-1 b,1) ° 
= (2 Gy_2 bys) — (a2_. — B_.) = .... = +1. 


Additional values of a,, b, give 
697+ 6977— 985 
4067? + 4059 — 5741? 
23660? + 23661? = 33461? 


159140520? + 159140519? — 225058681’, 
&e. &e. &e. 


— Lucius Brown, Fall River, Mass. 
2. Note on the Equation 


(7? + PP = (#2 — P+ (24 bY. 


The general problem is to find two square numbers whose sum or 


difference shall also be a square number ; and it may be solved by 
the Diophantine Analysis. 
Let x be the greater, and y the lesser number ; then, 


(1) A2@—Af—o=(*—nylYa=r—l2neyt+ ¥, 


in which x is any arbitrary entire or fractional number. 
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From (1) we have 
ga thy, 

We may now put y equal n, 2, or 3 n, &.; but to make the 
value of z as simple as possible, let y= 2”; then x = x? + 1 and 
V(2—yv)= 7 —1. 

Now, by substituting any numbers for z in these equations, we 
shall obtain three numbers, satisfying the conditions of the problem. 
Suppose » = 4; then 17? = 8? + 15*; and if in the equation 


(fF7+1PF = (?—1P 4+ 42% 
, it becomes 
21 pe\2 2 __ # 2 
CHF mets. 
(?+PP = (?—PP+ 40° P. 
Hence, by assuming any two numbers for a and 4, we shall find that 
a + § is the hypothenuse, and a? — 2, 2 ab, the sides of a right- 
angled triangle. — Prof. D. Woop, University of Michigan, Ann 
Arbor. 

3. On the Logarithmic Solution of Cubie Equations. — In the December 
number of the Monthly, as in various other publications, attention 
has been called to the trigonometric or logarithmic solution of 
equations. The subject appears of sufficient interest to merit fur- 
ther attention ; and it is here proposed to combine the methods in a 
more systematic form, with such additional precepts as will adapt the 
operation even to persons who have attended only to the first prin- 
ciples of the logarithmic Tables. It is plain that all equations of the 
third degree, or cubics, may be distributed into three general classes, 
represented as follows : — 

First class, . , ; . @®@+ar=b. 
Second class, : , Gta. 
Third class, . ' ' . Ptarvrtar=b. 


we put z= 


a 
6 


or, 
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To change an equation of the second class into the form of the 
first, let z = 7 Substituting this value for z, and reducing, 


a! 1 
¥y—F7I=F° 


The value of y can here be found, as in the first class, the reciprocal 
of which will be the value of z. 


Again, by. adding and subtracting equal quantities, the equation 
of the third class can take the form, 


+3) + 6-5) += 0 +3 —-F- 


Making z# + 5 = z, we may find the value of z, as in the first 
class, and then determine z from the relation 


t= 2 - 
= 3° 


Referring now to the investigation in the Mathematical Monthly, 
Vol. IL, p. 85-88, let 7 denote the common logarithm of the quan- 
tity before which it is placed; and the following rule is obtained. 

For the first class of cubics having the form, 


Y?tar=b), 


where a, d denote either positive or negative numbers. 
Regarding a, 4 as positive numbers, find the quantity 


b 
L=1}.15;+10—J;. 
I. When a in the given equation is positive ; find 
litany = L, itan u = }(20-+4 J tan 5), 
le=12+4 415+ Jcot 2u—10. 


II. When a is negative, and the index of Z less than 10 ; 
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isn» = L, itan w= 4 (20 + /tan 5), 


te=12+443.15+4+10—Jsin 2u. 


Ill. When a is negative, and the index of L is 10, or more ; 
Zcos v = 20 — ZL, de=12+44.15+Jcos 5 — 10. 


Here it should be carefully noted to apply to the values of x, thus far, 
the same algebraic sign with that of b, on the right-hand side of the given 
cubic. But the two remaining values of z should be taken with a 
sign contrary to that of 3: 


tx =12+447%+4 J cos (60° — *) — 10, 


and iz =12+47% + Jos (60° + 5) — 10. 


With the foregoing precepts, the auxiliaries v, ~ must always be 
taken positively, and not exceeding 90°. 


Example. 
Find the value of z, when 2? + 15 2 = 4. 


[To rinp LZ AnD u.] [To FIND z.] 

L(¢ = 5) = 0.698970 i2= 0.301030 

172—= 0349485 ..... . . . 0.849485 

+10. leot2u= 8.773405 

— 1(? = 2) = —(0.301030) | 

Ztanv, 79° 51’ 28”....10.747425 = L. 1.265412 .... 1.423920 

I tan 2, 39°55’ 44”, 3) 9.922720 
20. 

Ztan u, 43°18’ 6”.5.... 9.974240 
2u = 86° 36’ 13”. ——_ 


In this example, a or 15 is positive, showing that the constant L 
is to be considered a logarithmic tangent, and that the formulas of I. 
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are to be employed ; this has been strictly done in the above opera- 
tion, as will be seen by comparison. And since 4 or 4 is positive, the 
value of z in this case is also positive. 

Further examples might easily be multiplied, were it necessary ; 
but the preceding rule, within a short compass, appears sufficiently 
plain and comprehensive. — L. W. Mexrcu, Assistant, U. S. Coast Sur- 
vey, Preston, Ct. 





f 


ON THE INDETERMINATE ANALYSIS. 


By Rev. A. D. WHEELER, Brunswick, Maine. 


(Concluded from Page 195.] 
Proposition XV. The whole number of possible equations in 
such a series, or for every integral value of ¢ <ab-+ 1 is expressed 


ab—(a+b—1) 


by the formula ; 





Demonstration. Dividing a4 by a, we have 6 = the whole num- 


ber of impossible equations in which ¢ is a multiple of a; and divid- 
ing by 6, we have a = the whole number of impossible equations in 
which it is a multiple of d. (Prop. [X., Cases 3 and 4.) But it will 
be seen that the impossible equation az + by = ab has thus been 
reckoned twice, when it should have been reckoned but once. De- 
ducting 1 on account of this repetition, we shall have a-+-4s— 1 
for the whole number of impossible equations in which ¢ is a multiple 
of either a or d. If this number be subtracted from a, there will 
remain ab — (a+ 6—1), which, according to Prop. XIV., includes 
an equal number of possible and of impossible equations. Therefore 
ab—(a+b—1) 
2 


ex<ab+t1. 

Prop. XVI. The whole number of equations in such a. series, 
which will admit of one, and only one solution, is denoted by the 
product a. 





expresses all the possible equations in which 





= _ 


Dem. All values of ¢c > 2aé will admit of two solutions, accord- 
ing to Prop. VIII. It may be shown, as in the preceding proposition, 
that all the values of ¢e < 2a6 + 1, which will admit of two solu- 





tions, may be expressed by the same formula, eet i and 


this, subtracted from ad, representing the whole interval between ad 


ab—(a+b—1) _ ab+a+b—1ly a. 
2 es 3 





and 2a6, gives ab — 
whole number of equations within that interval, admitting of but 
one solution. Adding the expressions for the number of solutions 
admitting one solution only above ad and below it, we have 


ab (a-+6—1) ab— (a+5—1) 
2 aa 2 








== 66; 


which was to be shown. 

Prov. XVII. Let there be any numbers of independent equations, 
having the same coefficients to x and y. The sum of all the solu- 
tions contained in the whole number of equations may be found by 
dividing the sum of the values of ¢ by ad, and adding the number 
of solutions contained in the several remainders, according to the 
rule which is given under Prop. XIII. 

Adding the equations 


ax + by =nab+y,, (A) 
az + by = wab+r, (B) 
ax’ + by” = (n” —1)ab +r” &e. (C) 
we obtain 
ax +by=ab(ntn4+n"—1)4+r+7+r’ &. (D) 


Subtracting the remainders, we have the equation, 


ax, + by, = ab(n4t+nr4+n’—1)=—€¢; 


and dividing ¢ by ab, we obtain the quotient n+ n’ + n’ —1, 
which gives the number of solutions in (D) with reference to the 
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remainders. But in equation (A) we have x solutions; in equation 
(B), x’ solutions ; and in equation (C), x” — 1 solutions; and the 
sum of these =x -+- n' + n” — 1, the same expression which we 
obtained from (D). Now if we ascertain the number of solutions in 
these several remainders, and add it to the number obtained from 
(D), we shall have all the possible solutions belonging to the several 
equations (A), (B), and (C). 

Remark.— Several of the preceding propositions will be found very 
convenient in proposing questions which shall have any desired con- 
ditions, and several of them will very much facilitate the operations 
which are necessary to be performed in the solution of problems 
which are to follow. They may easily be verified by substituting 
numbers for letters. Youna’s Algebra contains more than one erro- 
neous proposition relating to this subject, to which demonstrations 
are professedly given both by the author and the American editors. 


PROBLEMS. 


I. To find the successive remainders in any Arithmetical Progres- 
sion, without continuing the operation of division. 

1. Suppose the progression to be ascending, and call the first 
remainder 7. 

The general expression for any term in this progression is 
a-+-(xn—1)d; and that for the next succeeding term will be 
a+(n—1)d+d. Let D be the divisor, and let 


a n—1)d r 
Ore g 4 t, 


Then will a+ (n—1)d=DQ-+-,r. By substitution, we have 








a+(n—1)d+d DQ+r+d_ r+d 
D _ D = e+ D~* 


That is to find the next succeeding remainder, add the difference of 
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the progression to the remainder already found, rejecting the divisor 
as often as necessary. 

2. Suppose the progression to be descending. Then by a process 
entirely similar, the remainder of the next succeeding term will be 
x —d. That is, from the remainder already found, the difference of 
the progression must be subtracted, and the divisor added as often 
as necessary. The reason for rejecting or adding the divisor may be 


readily shown. For “+%—~” still gives the same remainder r d, 
y D g 


“+ the same remainder r — d. 
Illustration. — Let D= 11, d=7, a=16, n= 8. Then we 
have the progression 


16, 23, 30, 37, 44, 451, 
and the remainders will be 
SS &§ & & & FG 
These are readily obtained by the rule, as follows: 16 —11=—5; 
§+7—ll=1; 1+7=8; 8+7—l11=4; 4+7—l1l= 
0;04+7=7; 7+7—ll=3; 3+7=10. 
Reversing the progression, we obtain the same remainders by 
reversing the process. 


and 


This method will serve to facilitate the operations, especially when 
the terms of the progression are large. 

If we wish to find any particular term of these remainders, with- 
out finding all that precede, we have merely to make use of the 
formula 


a+(n—1)d __ r 
FORDE = O4+ 5, 
and r will be found at once. For example, 


Let n — 6. 


7 
11 . 


Then we have —~=38+ 


VOL. IL. 
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Therefore we have for the 6th term, 7 = 7, which is the same as 
that given above. 


Il. To solve the equation az + by=e. 


FIRST METHOD. 


When a or d is a divisor of ¢, and one is prime to the other. 

As a will divide ¢, it must divide its equal, az + dy; and as it 
divides az, it must also divide dy (Prop. I.). But it cannot divide 3, 
since w and 6 are prime to each other. Therefore it must divide y 
(Prop. LI.), and the least value of y will be a; the next, a + a, or 
2a; the next, 3a, Xe. 

Hence one of the values of z or y may be determined by simple 
inspection, and the corresponding value of the other unknown may 
be readily deduced from the equation. Then by the addition or 
subtraction of a or b, as the case requires, all the other values may 
be obtained. 

When a or 3 is not a divisor of ¢, but has a factor in common with 
it, then it may be shown in the same way that y is equal to that 
factor or to some multiple of it. 

In the first case, however, we must have ¢ > ab (Prop. IX, 
Case 3), or the solution in whole numbers will not be possible. 


Examples. 
Let 52+ Ty = 40, then y= 5 and «= 1. 


Let 62 -+ 7y = 39, then y = 3, which is a factor of 6 and 
of 39. 


SECOND METHOD. 


When a, }, and ¢ are all prime to each other, and the numbers are 
not large. 


>— ° os 
Let ax+by=c. Then «= — ’Y — an integer. Divide ¢ 




















— po 


by a and note the remainder. Find the successive remainders 
resulting from the division of by by a, as in Problem I. The term 


which gives the same remainder as ¢ is the value of y. 
— by. . by — . , . 
As <— ’ is the same with — ~~— , the signs of this expression 


may be changed when more convenient. 
Again, let az —by =e. Then will z= “* by ; and the value 


of y may be found in the same manner, except that it will be neces- 


sary to find a remainder = a — ¢, in order to cancel the remainder 
resulting from ce. 


Examples. 
1. Let ll~a+13y= 141. Then 
141 — 13 ‘ D cn Be 
_— 11 . =t— J + a zc 


Substituting for y the successive values 1, 2, 3, &c., we find that 
y = 10 will give the remainder 9. Hence 10 is its true value. The 
remainders, as found by Problem L, are 2, 4, 6, 8, 10, 1, 3, 5, 7, 9; 
and 9 is found in the 10th term of the series. 


2. Let 172—23y—= 7. Then x = ea , and we require the 
remainder 17 — 7 = 10. The series will be 6, 12, 17, 13, 2, 8, 14, 
3, 9,15, 4,10. The remainder 10 is found in the 13th term. There- 


fore y = 13. This method is expeditious when the divisor is small. 


THIRD METHOD. 

1. To solve the indeterminate equation az — by = 1. 

By the theory of Continued Fractions, if any two consecutive ap- 
proximations be reduced to a common denominator, the difference 
of their numerators will always be 1; and this difference will be 
positive, or negative, according as the number of quotients in the 
reduction is even or odd. 


If a and 4 are prime to each other, and the fraction ~ be reduced 
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to the form of a continued fraction, and the several approximate 
values obtained, the least value will be the fraction = itself; and the 
next preceding may be represented by the ascertained values =. 


Now, in accordance with what has been stated, 


* ee bx! bat ? 





© oe Ey eT wn BS, 

b 

or, rejecting the denominators, az’ — by’ = +1, the upper sign 
denoting that the number of quotients in obtaining 2’ and y’ is even, 
the lower that it is odd. 

If then we make z= 2 and y = ¥7/, we have in the first case 
ax’ — by’ = 1; and the problem is solved. In the second case, we 
have az’ — by’ = —1. But by changing 2’ into s— 2’, and y/’ into 
a — y’, we obtain 


az — by =a(b—wv) —b(a—y) = —ar’ 4+ bY =+1; 
and this case is also solved. 
Hence the following rule : — 
Find 2’ and zy by the process for finding the greatest common 
divisor, and the rule for Continued Fractions. Then, if the number 
of quotients be even, z’ will be the value of z, and 7’ will be that 


of y; but if the number be odd, ’ —2’ and a—y/ will be their 
respective values. 


Examples. 
1. 122¢—17y=1. 
12\17| 1 Here the number of quotients is odd. There- 
10\12| 2 
“ol 5 2 fore x = 17— 7 = 10, and y= 12—5=7. 
\4.5—y 
+ 7—% Whence we have 
ax—by=12.10—17 .7 = 1, 
2.232+1=5=279; and §.14+-2=>7=-7. 











— 405 — 


2. 10¢—13y = 1. 


= : Here the number of quotients is even. Hence, 
e = y 


Jagr te v=—38.14+1—4, and y=y = 3. 

Rule. — Multiply the last quotient by that which immediately pre- 
cedes, and add 1. Multiply this result by the last quotient not used, 
and add the preceding sum. Proceed in this manner till all the quo- 
tients have been employed. The last result will be 2’; the one 
before it y/, When there are but two quotients, there will be but 
one multiplier, and consequently the latter of the two will express 
the value of 7/. 

The whole operation is simple when once understood, and may be 
performed mentally, if the numbers are not too large. 


2. To solve the equation at — by =e. 


Find 2’, and ’,as before. Then will a2’— d)/=—1, or —ax+by=1, 
according as the number of quotients is even or odd. 


1. Let e=cwv,and y=cy’. The equation becomes 
ax —by=acx# — bey =c(axr—by) =e; 
and the conditions of it are satisfied. 
2. Let x= c(b—~z’), and y=c(a—y’). Then we have 
ax —by=ca(b—2v)—cbh(a—y)=e(— av +b)y)=e; 


and the conditions in this case are also satisfied. 


3. To solve the equation az + by =nab-+r. 


Find z’, and »’, as before ; and suppose the number of quotients 
to be even. Let s=ra’, and y=ua—ry. Then will 


ax + by=are +nab—dbry =nab+r (axe —by)=nab+r; 


and this case is solved. 
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Suppose the number of quotients to be odd, and let z=nb—ra’, 
and y= ry’. Then 
ax +-by=nab—arwv + bry = nab +- r(—aa' + by’) = nadb+r. 
Wherefore this case also is solved. 

The following formule are sufficient for the solution of all these 
cases : — 


ax + by=nab-+r; x=ra’ and y=na—ry’; when the quotients are even. 
ax + by=nab-+-r; x=nb—rz' and y= ry'; when the quotients are odd. 
ax—by=c; x=cz' and y=cy'; when the quotients are even. 
ax—by=c; «=c(b—z’) and y=c(a—y’) ; when the quotients are odd. 

Examples. 

n a b r 

1 84-4 18y = 319=> 3.8.13 — 47 

e=-n re =o 36. 

y = na—ry = 24 — 21 = 38. 
82+ 13y =8.35+4+ 13.3 = 319. 


a b 


2102+ l7y = 689 = 4.10.174 9. 
z—=nb—raz = 68 — 45 = 23. gaurg a 37. 


ax+by=10. 23+ 17 . 27 = 689. 


b c 

7z — 10y = 11. 
=z oe = $8. yey 
ax—by=T7.33—10. 22 


a— 1l2y = 5. 
x =e(b—-2’) = 5(12 — 5) = 35. 
y= c(a—y) = 5(7 — 38) = 20. 


Ta—1l2y=7. 35—12. 20= 5. 





=— ee 


4. Problem relating to three unknown quantities. 
To determine the number of solutions which the equation 
ax+by+t+ez=d, 
will admit of in integers. 


SOLUTION. 
If we put for z the numbers 1, 2, 3, &c., in their natural order, we 
shall obtain the equations, 
ax + by d — ¢, 
ax + by’ = d — 2¢, 
ax’ + by’ = d — 3e, &e. 


until we obtain, at length, 


az, + by, =d—ne<a+4é, 
which will not admit of a solution. 
Now the number of solutions which each of these equations can 
have, may be readily ascertained by the rule under Prop. XVI.; and 
as we give to z all its possible values, we shall evidently, by adding 


together the number belonging to each successive equation, obtain 
all the solutions required by the problem. 


Example. 
Let 32+ 5y+ 72= 100. Giving to 2 the values of 1, 2, 3, 
&c., in succession, we have the equations, 
32 +- 5y = 93, 
3a’ + 5y' = 86, 


9 4; 


34 5y” = 79, &e. 
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=" = 93 + 15 = 6, with the remainder 3, and gives 6 solutions. 


ae ee) a “ Se og 
ab 


d—3e __79-+-15=5, « “ 4, « 
ab 
& 2+1b=4, « 12, « 
65+15=4, ‘ 5, CS 
58 + 15 = 3, « 13, « 
51 -- 15 = 8, 6, « 
44-+ 15 = 2, 
87 + 15 = 2, 
30 + 15 = 2, 
23+ 15=1, ‘ 
16+ 15=1, “ 
9—-15—0, “ 


“ 


“ 


“ 


“ 


“ 


“ 


(14 


“ 


“ 


(79 


14 


lompenww rrr 


Wherefore the whole number of solutions is ... 41 


When d is very large, and a, 4, and ¢ are very small, this method 
becomes laborious. It may, however, be greatly simplified. 

1. The terms d— ec, d — 2c, d — 3c, &c. are those of Arithmet- 
ical Progression ; and as we have the first term, last term, and differ- 
ence, we can easily find the sum of all the terms. Call this sum 8. 

2. As the remainders must necessarily recur in periods (Prop. V., 
R. 2), and as it is easy to find all the remainders in a period (Prob- 
lem I.), we can readily obtain the sum of all the remainders, by 
multiplying the sum in one period by the number of periods and 
adding those in the partial period. Call this sum 4”. 

3. The number of solutions contained in the remainders may be 
found in the same way, by first finding those in one period, and then 
multiplying by the number of periods. Call it 8”. 


Then the whole number of solutions = == + &. 


When the period returns after ad terms, as it often does, the sum 
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of the remainders in a period will be equal to the sum of an arith- 
metical progression, whose first term is one, and difference one, and 
number of terms a%. It will therefore be expressed by the formula 


pons wnt ada. 1) Also the number of possible solutions in a period 


will be expressed by the formula tc er Sova (Prop. XV.). 
Thus, taking the last example, 


32+ 5y+ 7z2= 100 15 = ab 
32+ 5y= 9=1 | 
_2=a 2)16=ab+1 
95=a+/ 8 = St! 
i=is 15 
Paar a4 ab (ab +1) 
665 | i wo 
110 10 
b—CF>—YV—4 15)555 110 
2 








3 
.. 
41 
Example 2. To find the whole number of solutions that the equa- 
tion 77 + 9y + 232 = 999 will admit of 


Operation. — Calling 2 = 1, we have 
7a + 9y = 9976 =4 9976 — 23 = 43314, “. m= 434; 


since the remainder 17 also constitutes a term, ...@—=17. But 
(a+ 2) 5 = S=(17 + 9976) . 217 = 2168481, 434 + 63 = 6§§ ; 
that is, 6 complete periods of remainders, and 56 remainders belong- 
ing to another period, or 63 — 56 = 7 remainders that are wanting 
to complete another period. 


(63 + 1) + 2 = 82. 
32 . 63 = 2016 = the sum of the remainders in one period. 


2016 . 6 = 12096 = the sum in six periods. 
VOL. IL. 52 
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(9976 — 62. 23) + 63 = 1354. 
... 45 = the last remainder in a period, as 22 = the first. 


Then, by Problem I, the 7 previous remainders will be 


45+ 5+ 28+ 51+ 11+ 34-+ 57 = 231. 
Then 2016 — 231 = 1785 = the sum of the 56 remainders in the 
partial period, and 12096 + 1785 = 13881 = S’ = the sum of all 
the remainders. Then 
S— S' = 2168481 — 13881 = 2154600 . (S— S’) + ab = 2154600 -~ 63 = 34200 


= the number of solutions, exclusive of those comprehended 
in the remainders. 


hr’) — (63 —(7 + 9 —D) + 2= 24 = the number 
of solutions in the remainders of one period. 





24.6 = 144 = the number in 6 periods. 
24 — 3 (3 solutions are contained in the 7 remainders) = 21 = the 
number of solutions in the partial period. 


Then 
144+ 21—165= 8"; and 34200-+ 165 = 34365 = the answer. 


5. To find the least whole number, which, being divided by given 
numbers, shall leave given remainders. 
Suppose the number to be z, the divisors d, d’, d’, &., and the 


r—r r—r 


von paa r, 7,7’, &e. Then each of the quantities, — i on 
~o_ . . . 
> a &c., is an integer. Reduce them to a common denominator, 


and they become 


d' d"x —d'd'r dd'x—dd'r ddx—ddr |. 
dd' da" : — dae? - Cae * 





and having the same values, they still remain integers. Now, 
whether we add or subtract these several quantities, or multiply 
them by any whole number or divide them by any exact divisor, the 
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sums, differences, products, and quotients will also be integers. (See 
the Axioms.) 

Suppose, then, we subtract the third from the second, and this 
remainder from the first. The result will be, 


d'd"2—dd'x+ddzx—d d' dd"r—dd' , 
= is _ rl fe» = : » an integer. 





This will fulfil all the conditions. For, dividing by d, we obtain 





d'd"x—d'd'r d'd" (x—r) 
—detdetd’r—adrt+ 3 = . ; 


the possibility of which depends, inasmuch as d, d’, d’ are supposed 
to be prime to each other, upon the original supposition that — 
is an integer. 


In the same manner, it may be shown that all the other conditions 
will be fulfilled. 


Rule. — Reduce the fractions “>”, 7=*", 7=* , &e., to equiv- 


r 





d 3 d' 3 d!' 
alent fractions having a common denominator. Set the numerators 


in a column, one under another, the largest at the top, as follows : — 


A d d’zx—dd'r, 
B dd’zx—dd'r’, 
C dd «z«—ddr’", &c. 


Subtract C from B, and this remainder from A. Thus bring all the 
numerators in the operation. Then continue subtracting these 
remainders, or some multiples or exact quotients of them, one from 
another, until z is obtained with unity for a coefficient; and reject- 
ing the least common denominator from the number on the right as 
often as there is an excess. Then the last value on the right, if neg- 
ative, is the answer sought. Otherwise it must be subtracted from 
the denominator, and the remainder will be the answer. 
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Example. 

What number is that which, being A, 5512 — 1653 
divided by 11, 19, and 29, will leave B, 3192 — 1595 
the remainders 3, 5, and 10? C, 2092 — 2090 
xr—3 x—5 x —10 . B—C, 110z + 495 

ii? 197? 99» are integers, A_(B—C), 4412 — 2148 
- 4 (B—C), 440 z + 1980 
551 2—1653 3192 —1595 209% — 2090 dithens 

6061? ~~ 6061.~—*’:~S 0G 4128 = the answer. 


The reason for taking 4128 as the value of z, as also for subtract- 
ing the number, when positive, from the common denominator, may 


be found by referring to the second method under the second Prob- 
x— 4128 
~ 6061 —* 

Problems of this kind may also be solved after reducing them to 
a common denominator, and combining the numerators in any man- 
ner thought best, according to the third method under Problem II. 


Take, for illustration, from the previous example the quantity ex- 


pressed by A—(B—C), “17 — U8 _y, Then 


lem: the full expression in this case being 


4412 — 6061y = 2148. 


3 Then, by formula 4, as the number of quotients is 

: odd, we have 

; 2 = ¢(b — a’) = 2148 (6061 — 2199) = 8295576. 

3 

1 This is not the least value of 2, but that value + 
f. some multiple of 4. (See Prop. VIII.) We must 
41 therefore reject this mutiple of 4; or, in other words, 
119 


160 = y divide 8295576 by 6061, and there will remain 4128, 


2199 = 2’ as before. 


For this example, however, the former method is more concise. 
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SOLUTION OF A PROBLEM IN “CURVES OF PURSUIT.” 


By Dr. Jozt E. Henpricks, Newville, Indiana. 


ProstemM. — Three foxes are supposed to be at F, and a dog at S, 
forty rods south of F. They all start at the same instant, the foxes 
running with the same uniform velocity, and the dog just twice as 
fast. The first fox runs east, along the line FL; the second one runs 
north, along the line /'A; and third runs west, along the line F W. 
The dog runs directly towards the first fox, and overtakes it at Z. 
He immediately pursues the second one, and overtakes it at V; then 
pursues the third, and overtakes it at W. How far must the dog run 
to catch the three foxes? —Communicated by Prof. Roor (Vol. L, 
p- 249). 

Solution. — Let D represent the position of the dog when the first 
fox is at G, and draw DX parallel to SF, and dk infinitely near 
and parallel to DK. Also draw DG 
tangent to the curve at D, and dg 
tangent at the point d, and draw GI 
perpendicular to dg, and d H perpen- 
dicular to DK. Put SF(=40)=a, 
FK=u, FG=2, DG=y, and 
curve SD=z; and let the corre- 
sponding lines for the second and third curves be denoted by 7, %,%, 
21, ANd W,, Xq, Yo, 2 Thenis Kk =dw, Gg=—dz, Ig—Dd=dy, 
and Dd = dz; and by the similar triangles HDd and IG‘g we 
have 

dz:dw::d4(=4dz):}dw=Tg. ..dy=idw— dz. 





But dz=2dz, .«.dy=jdw—2dz, .«.dr=}dw—i dy. 
Whence by integrating we have 


(1) a2=jftuw—hyt 6. 
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Similarly, 
(2) a= im—i n+ 4. (3) %2=im—jn~tG 
When w= 0 in (1), 
@ uz @, yg a; “. Ca ta 
When wv, = 0 in (2), 
a, = FE, wy FEy2; “. QG=4FE(2+y2). 
When w, = 0 in (3), 
@, = FN, ¥, = FN y2, . G&=4FN (2+ y2/. 
By substituting for C, C,, C,, in (1), (2), (3), we have 
(4) v=jw—hy + 4a 
(5) a, = $m — 4. + 4 PE (2+ yo). 
(6) a= $m — by, + $F (2+ 3). 


Now, when the dog overtakes the fox in running on each of the 
curves, the points D and @ will coincide; and consequently y will 
become zero, and w will become a. Hence, if a’, a, a) denote the 
whole distance run by the three foxes respectively, we shall have, 


aw = fa’ +a; “i mfe 

a = a+ fa(2+ 32); . ay = $a (2+ y2). 

ty = fait ¢a(2+ y2); “. @y = Ppa (2+ 2) 
By the question, 2 =22'=4$a= 53.383 


a! = 2 (ay! —2’) = 2a (¢ (2+ V2) —%) =$a(1 t+ y2)= 68.061 
z= 2 (x4! —a/) = 2a (sf (2+ )?—$ (2-++-y2)) = Fy a (6+ 52) = 154.916 
Therefore the whole distance run by the dog = 276.310 rods. 


Seconp Sorvtion, by Prof. O. Root, Hamilton College, Clinton, N. Y. 
Take the origin at F, and let wy be the co-ordinates of any 
point in the curve described by the dog in the pursuit; then will 
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S (da + dy’) be the space passed over by the dog, and « —* iy 
that passed over by the first fox in the same time; but as these 


spaces are as 2 to 1, we have 


wv — "= tf (da? + dy’). 
By differentiating and init the equation becomes 
d* zx _ , ay, 


— erage = Fy 
and by integrating, 


a Y 
1) tog (25 4 GPE) togy 4 0 


If now we put SF = 40 rods = a, then, when y =a, we have 
dx = 0, and hence C = } loga; and therefore (1) becomes 








log G 4 TT ) = log <5 
wis : ey eit - =%, 
or, nndiies Y dy; 
p : 
or, (2) 22 =—2a y+ 354 0. 
4a 


When y =4,2=0;, ..C° = >> and (2) becomes 


2,4 
2a ay + 9H 4 8, 


which is the equation of the curve. When the dog overtakes the 
fox y = 0, and therefore 2a = : = 53} rods for the distance run 
to catch the first fox.* 








* We omit the remainder of the solution, as the student will find no difficulty in completing 
it. It will be observed that Dr. Henprick’s solution involves a differential equation of only 
the first order, while Pror. Root’s, which is the solution usually given, involves one of the 
second order. Is Dr. Henpricx’s ingenious solution new? We have never seen it before. 
— Epiror. 
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NOTE ON DIACAUSTICS. 


By Rev. Tuomas Hitt, President of Antioch College, Yellow Springs, Ohio. 


Waite acknowledging the justice of Mr. Parerson’s remarks (Math. 
Monthly, p. 40, Vol. I.) on the waste of time involved in rediscover- 
ing that which was known centuries ago, I beg permission also to 
amuse myself with mathematical trifles even when I have not time 
to look up the results of previous investigators. The following note 
on Caustics is offered to the “Monthly,” because it is interesting to 
me; but I do not know whether any or all of it is to be found in 
other places, with the exception of the corollary concerning the 
boundary of the space run through by a line im a rolling circle, which 
may be found, having no connection with caustics, in CHasLEs. 

1. Let ep =v be the equation of any plane curve, g being the 
radius of curvature, and v the angle it makes with a fixed axis. Let 
6 be the angle which parallel rays of light make with the axis of ». 

2. If the distance from the curve to the caustic, measured on the 
reflected ray, be called d, we have, by trigonometry, 

ad __ sin(3 s— (6—»)) 
ody sin 2dy ' 
(1) d = t¢@ cos (0 — »). 





3. The element of the caustic is 
dd -+- edvsin(@— v) = }dg cos(6— v) + $0 sin(@—v) dv; | 
and this divided by 2dv gives the radius of the caustic, 
(2) 0: = } (De cos (6 — v) + 3esin(6 — »)). 


4. From (1) it follows that a caustic is at its maximum distance 
from the generating curve, when the parallel rays strike the curve 
at right angles, the distance being half the radius of curvature of the 


curve. 
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5. From (2) it follows that the radius of a caustic, when parallel 
rays strike the generating curve at right angles, is one fourth the 
radius of the evolute of the curve. But where the rays strike the 
curve tangentially, the radius of the evolute is three fourths that of 
the curve itself. 


6. Equation (2) may be reduced for any particular curve to the 
form 9, =f, by putting 


— 4(y,+0—4 7). 
7. For example, let @ = 4 2 sin v; and we have 


0, = RF cos*v cos 0 + 4 cosy sin y sin 0 — 3 R sin’ y cos 0 
= — Reos 6 + 2 FR cos@ sin (vy, + 0)— 2 # sin @ cos (vy, + 6) 
= 2Rsin vy, — R cos 0. 

That is to say, the caustic of a cycloid, for parallel rays, is concen- 
tric with a cycloid of half the radius, coinciding with the small 
cycloid when 6 = 32a. 

8. Let the circle generating the original cycloid be again rolled 
through it, and it is manifest that the reflected ray will make, with a 
diameter through the generating point, the constant angle 4 a— 0. 
Hence a diameter of the generating circle is a sliding tangent on the 
small cycloid, and any chord in the circle is a sliding tangent on a 
curve concentric with a half-size cycloid. 


9. The caustic for @ = A sin" y is (see Goutp’s Astr. Journal), 


0; = + A(usin"* v cos (@—v) cos vy + 3 Asin" y sin (@—v)) ; 





which, by putting 6 = } a, reduces to 


(3) a= ° 1" Asin" veosy=(5)"2 (2+) A(1—cosy,)? (1+ cos »,)'. 


10. The substitution in the last equation of x= 1 gives for the 
cycloid, as in Art. 7, 


As 
01 pina Zz sin V}. 
VOL. II. 53 
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The substitution of n = —3 gives for the parabola a single point, 
01 a 0. 
11. Equation (3) may also be written, 





3 n , 
(4) n= ss A sin” 1 Vv, COS 3 V;. 


12. The integral of (4) gives, for the involute of the caustic, 
3-+n 


e = om+1 A sin**? 3», = A, sin” 3%. 

13. The last equation shows that the involutes of the caustics of 
e@ =A sin"y have the same form as the original curves, except that 
3 y is substituted for v, and 1 is added to x. The caustics bear the 
same relation to the evolutes of the curves. 

14. The substitution of }v for v in the equation of a curve will 
make it necessary for g to revolve twice as far before going through 
the same changes. This may be conceived as effected by either of 
the following metamorphoses. 

Conceive the curve as composed of infinitesimal links, in which dv 
is of equal value. Imagine these links capable of extension or re- 
traction without altering their curvature, and it will be evident that 
by making them each a times as long as before, v will change a times 
as much for a given change of g, so that the equation will be changed 
from ep =fv to 9=f -, The extension may be conceived as 
effected by sliding joints. 

Or imagine these links capable of being bent to a greater or less 
curvature, their length being unchanged ; and it will be evident that 
by giving each link 4 times as much curvature, y must change 2 
times as much in order to produce the same order of changes in g, 
and at the same time g will be diminished to < That is to say, 
@ =/yv will become ge = ST ; 

Thus the first change will convert the cycloid g@ = 4 # sin y into 
the epicycloid @ = 4 #sin —, while the second change would con- 

a 


04s ° . 4a. 
vert the same cycloid into the epicycloid @ = > sin t- Hence the 
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cycloid, by sliding into itself, or by extending itself, or by having the 
curvature of each part increased or diminished in proportion to the ex- 
isting curvature, may be changed into any of the epicycloids and hy- 
pocycloids ge = Asinay, in which ~*, is the radius of the station- 


ary, and that of the generating. 


2 (1+-a) 
15. Other examples of the peculiar deformation to which the caus- 


tics of g = A sin"v have led us, are reserved for another note. 





ON THE LOCUS OF PERPENDICULAR TANGENTS TO ANY 
CONIC SECTION. 


By Witt1AM CHavuvENst, Professor of Mathematics in Washington University, St. Louis. 


“ Pairs of tangents perpendicular to each other, are drawn to any conic section ; find 
the locus of their intersection.” 


Tue solution of this problem, where the given conic section is the 
ellipse, is well known. It was proposed and solved in a very elegant 
manner by Besszt, in the introduction to the volume of the Kénigs- 
berg Observations for 1814, where it is applied to determining the 
effect of an elliptical form of the pivot of a transit instrument revolv- 
ing in a V, the faces of which are perpendicular to each other. To 
obtain a general solution, I take the equation 


Y= 2px t+ 2, 

which represents any conic section; the axis of x being the axis of 
the curve, the origin being the extremity of the axis of the curve 
(or vertex), 2 being the parameter, and n depending on the nature 
of the curve. If now a’, a” denote the trigonometric tangents of 
the angles which two tangent lines to the given curve make with the 
axis of 2, (2’, y’) and (x”,y/) the points of contact, we have, for the 
equations of these tangent lines, 


(1) —w («—7) + (y—y) = 9, 
(2) —a' (x — 2") + (y—y") = 0, 




















— 420 — 


with the conditions, 


(3) da’ +1= 0, 

(4) dy =p+nze, 
(9) ay’ = p+ nz’, 
(6) y” = 2px + nz”, 


(7) yf = Apa" + nw”; 
of which (4) and (5) are obtained by differentiating our general 
equation and putting a’ and a” for D, (zy) and D,, (y’). 

From these seven equations we have to eliminate the six quanti- 
ties 2’, 7/, 2”, y’, a, a’, to obtain the equation of the required locus .- 
involving only z and y (which, being common to the two tangents, 
will represent their intersection), and the constants n and p. 

Substituting in (1), (2), (6), and (7), the values of 2’ and x”, given 
by (4) and (5), we find 


(8) (a7 —n)y =anzx—ny+ap, 

(9) (a? —n) y” = a’nz—ny+a’p, 
(10) (a? —n) y? = p’, 

(11) (a? — n) = ps 

from which we immediately deduce 

(12) (a nz —ny +a py — (a® —n) p=, 
(13) (a nz — ny + a’ pP — (a? — n) p? = 0, 
or, 

(14) n(a’'x —y? + 2d p(dz —y) + =O 
(15) n(a”°x—yf+2a'p(a’x«—y)+ p= 0. 


Multiplying (15) by a, and observing the condition (3), we have 
n(u-ayy+2p(e+ay)+a°r=0; 
which, added to (14), gives 
(16) (na + ny + 2 px p*) (a? + 1)=0, 














wiiiie 


in which the factor a?-++ 1 cannot be zero; and hence we must have 


A nv?tny+t2pe P cx @, 
P P 


which is the equation of the required locus. If put under the form 


(B) @@+2)+7=5(1—-») =P, 
it shows that the locus is in general the circumference of a circle, the 
centre of which is in the axis at the distance —" from the origin, 
and whose radius is R == Vi-n. 

For the ellipse, the semi-axes of which are A and B, we have 

n= —, —-=A, | R= V#4+B; 

so that the centre of the circle is the centre of the ellipse, and the 
diameter of the circle is the diagonal of the rectangle continued: by 
the axes of the ellipse. 

For the hyperbola, the semi-axes of which are A and B, we have 


n=47, —2=-4, R= \F+B; 
and the centre of the circle is still the centre of the curve. But if 
A < B there is no locus, since # is then imaginary. If A= B, 
R = 0, and the locus becomes a point which is the centre of the 
hyperbola. That is, in the equilateral hyperbola only one pair of 
tangents perpendicular to each other can be drawn, and these are 
evidently the asymptotes. 
For the parabola, we have 


ea © —? — w, R= @; 
n 


so that the locus is a straight line whose equation is, by (A), 


ole P 
ati 


which is the equation of the directrix of the parabola. 

This solution may interest the student as an example of elimina- 
tion, the “method of substitution” leading directly to the required 
result. 
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THE CENTRAL SCHOOL OF ARTS AND MANUFACTURES 
AT PARIS. 


[It gives us great pleasure to call attention to the following communication from Mr. Watson. His notes on the Polytech- 
nic and other Schools of Paris, will be given in early numbers of Vol. III.} 


History, GENERAL PLAN, CONDITIONS FOR ADMISSION, CouRSES oF LECTURES, 
DRAWINGS, MANIPULATIONS IN THE LABORATORIES OF CHEMISTRY AND Puysics, 
DISCIPLINE, ETC. 


Preciet, Dumas, and OLtvieR, founded the Central School in 1829. Prctet, a graduate 
of the Normal School, had been for some time a Professor of Physics at Marseilles; after the 
restoration, on account of his political opinions, he had lost his place, yet he still devoted himself 
to the industrial applications of his science. 

Dumas, at that time a Repetiteur of Chemistry in the Polytechnic School, was already known 
by important scientific works. OLIVIER, also a graduate of the Polytechnic School, had just 
returned from Sweden, where he had reorganized the schools of Artillery, and founded a chair 
of Descriptive Geometry, applied to military service. These three men, theorists by their stud- 
ies, had become practical from the nature of their works. They selected the name of Central 
School of Arts and Manufactures for two reasons, first because it had been the former name of 
the Polytechnic School, which they wished simply to re-establish according to the original design 
of the founders, and secondly that no one should be deceived as to their own intention. They 
framed for it the following plan, which is rigidly adhered to in every particular at present. 

The basis of the teaching must be the study of Geometry, Mechanics, Physics, and Chemis- 
try (since every engineer should possess an extended knowledge of these four sciences); and 
the teaching of them must always be conducted with a view to their application to industry. 
This will form the instruction for the first year, which is to be preparatory, and during which 
the student is fitted to enter upon the courses of the second and third years, which form, so to 
speak, the school of application. The professors must never forget that the object of the school 
is to form instructed and capable engineers, and not savans. 

They will exhibit in detail, during the first year, those theories leading to the applications in 
industry, and for all the others, they will expose them summarily, so that the students may know 
what has been found out, and may know where they can study them in detail. 

The professors of the first year must not be purely savans, but must be taken from the engi- 
neers, retired or in active service: in a word they should be, without ceasing, in contact with 
industry, and by profession or by taste should love or cultivate the applications of these sciences. 

During the first year the students will execute drawings in Descriptive Geometry in all its 
applications, and also in Mechanics and Architecture. 

They will make manipulations in Chemistry and Physics, the practice being always annexed 
to the oral exposition. 

In the courses of the second and third years, the students will be shown the applications of 
the theories of the first year to different works of engineering. 

The students will follow all the courses, but will only execute projects and manipulations in 
their speciality. 

All the professors of the courses of the second and third years must be engineers, for it is only 
the man who has practised (“ Qui a mit la main a la pate”) who is able to teach all the details 
of the construction of a bridge, of a water-wheel, of a railroad, of a steam-engine, in the best 
manner, and it also accomplishes the object of keeping the school up to the level of the require- 
ments of industry. Young men are admitted between the ages of seventeen and thirty, from 
all countries, of all political opinions, and of every religion: by this means a desirable fusion is 
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established between the different political and religious parties which will eventually lead the 
way to industrial accommodations between the different nations. 

The school in 1857 became an establishment of the state, but no modification has been made, 
unless it has been to raise a little the standard for graduation. 

The following are the requisites for admission this present year (1860) : — 

1. The French language. 2. Arithmetic. 3. Geometry, plane and solid. 4. Algebra, to the 
general theory of equations. 5. Plane Trigonometry. 6. Analytical Geometry. 7. The ele- 
ments of Descriptive Geometry. 8. General notions of Physics. 9. Inorganic Chemistry. 10. 
Natural History. 11. The elements of Anatomy and Physiology, Zodlogy and Botany. 12. De- 
sign, in which each student will present a collection of drawings relative to Descriptive Geometry 
and the tracing of curves of the second degree; also, some Architectural drawings shaded in 
India ink, and also a book of sketches of machines. 

The applicants for admission are examined in writing, during which they have to make a 
drawing in Descriptive Geometry, and also one in Architecture, after a model. They are also 
afterward examined orally. Some idea of the labor and thoroughness of the examination will 
be formed from the fact that last year eight hundred persons were examined for admission, and 
of these only two hundred and fifty were admitted, the examination commencing the first of 
Angust and terminating the fifteenth of October. 

The courses of the school commence the first of November, and last, including the examina- 
tions, until the middle of August. The students do not lodge in the establishment, but go every 
day before 8} A. M., and remain until 4 P.M. All this time, except one hour for breakfast, 
is devoted to work of some kind, and during this time they are under the direction of the pro- 
fessors and inspectors. 

There are attached to the school, sixteen professors, eleven repetiteurs, and two inspectors. 

The duty of the professor is to give the instruction by lectures entirely, excepting such as 
must necessarily be given to each pupil separately, as in drawing and constructions. 

The duty of each repetiteur is to examine and mark the students upon the subjects of the 
lectures of the professors, each student is examined in some course once every week, and alone, 
at which time he is obliged to show to the repetiteur the notes taken upon the subjects upon 
which he is examined, 

The courses of Lectures for the first year are : — 

1. Descriptive Geometry. 2. Physics. 3. Mechanics. 4. Chemistry. 5. Natural History. 
6. Cinematics, or (Transformation of movements in machines). 

The course of Descriptive Geometry comprehends the two treatises of Leroy on Descriptive 
Geometry and Sterotomie, in its Applications to Shades and Shadows, Linear Perspective, 
Dialing, Stone-cutting, and Carpentry, and besides the drawings of all of these, the students are 
required to make models of the different arches and domes, from chalk, and models in wood of 
the various details in Carpentry. 

The students have two lectures in each course per week. 

In the course of Physics, the students have such problems as this to solve. Determine the 
specific gravity of an alloy, taking into account the temperature of the water, and the barome- 
tric pressure. 

In Chemistry each student makes twenty manipulations, of three hours each, from the prepa- 
ration of oxygen to the preparation of the ethers. 

The course on Mechanics commences with Analytic Geometry, and includes the Elements of 
the Differential and Integral Calculus, and also Theoretical Mechanics. 

The students have problems to work. Here is one in Mechanics. A material point moves 
in a plane, and the laws of the velocities along two axes at right angles are known. 

Deduce ist, the co-ordinates of the moving point in functions of the time. 2d, Determine its 
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velocity. 3d, Calculate the acceleration along each axis, and thence the total, and also the 
tangential and normal acceleration. 4th, Discuss the curve in which the body moves, when 


V,= A (1+ e-"4), A=1, w = 0.004, 
V, = (a+ 60), ; a = 2.4, b = 0.12. 


The two courses of Natural History, and that of Cinematics, last five months each. 

During vacation the students are required to make two drawings, one Architectural, and one 
of a machine ; these are left to the selection of the student. 

At the beginning of the second year each student chooses one speciality; these are four in 
number, viz. that of a Metallurgist, Constructor, Chemist, and Machinist. They have to follow 
all the courses but only execute projects and manipulations in their own speciality. 

The courses are the same for the second and third years, except that a course upon Railroads 
is added the third year; they are as follows:—1. Applied Mechanics. 2. Industrial Physics. 
3. Industrial Chemistry. 4. Metallurgy. 5. Exploitation of Mines. 6. Analytical Chemistry. 
7. Construction. 8. Construction of Machines. 

Here is a project upon Applied Physics. To make the plans with all the details for the con- 
struction of a steam-boiler, which shall produce 700 kilogrammes of steam per hour. 

Here is a project in the Construction of Machines. Construct a steam-engine to raise by 
means of pumps, the water to feed a reservoir at a railway station. The dimensions of the 
reservoir are 200 m. cube, the bottom of the reservoir is 6 m. above the ground. A noncon- 
denser is required which shall work one or many pumps; the level of the water is 15 m. below 
the ground, and the amount required per hour is 33 m. cube. 

In Construction projects are given, as the construction of a truss bridge of given dimensions, 
Or the construction of a viaduct in masonry. These projects are prepared in detail, and are 
often the work of a month or more of hard labor, consisting, as they do, of five or six large draw- 
ings and many pages of memoirs. 

At the end, after a severe examination, if the student has passed successfully, he receives the 
diploma of civil engineer, without which he cannot practise in this country. 

Discipline. Every student is obliged to be under the care of his parents or their correspond- 
ent, so that if there is any misconduct on the part of the student, his correspondent is immedi- 
ately notified. Whenever the student is absent from school the correspondent is notified of that 
fact the same day. There are private and public reprimands given by the director, and in case 
the pupil is refractory, the correspondent is invited to remove him. I have been thus minute 
in describing the school for two reasons, that those young men who intend to finish their engi- 
neering education may know what sort of a school it is, and what they have to submit to, and 
also, that teachers may see that in the amount to be taught, if not in the methods, there is room 
for some improvement. 

This is not by any means considered as equal in the theoretical instruction to the Polytech- 
nic School, and its graduates cannot have that complete, and special, and practical skill, which 
the engineers trained in the Polytechnic, and afterward in the School of Mines or the Ecole 
des Ponts et Chaussées. Of each one of these I shall have occasion to speak in detail. 

I must not omit to say that the price of instruction in the Central School is 775 franes per 
year, and that the government has established a number of scholarships which are given to mer- 
itorious students; also, that the students, accompanied by their Professor of Design, make excur- 
sions to some edifice, or bridge, or manufactory in Paris, and make sketches and measurements 
of them on the spot, and afterwards draw them in detail. They also take excursions to make 
geological exploration in the neighborhood of Paris. 


Paris, August 6, 1860. 
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Ciditorial Stems, 


We have received the following solutions of the Prize Problems in the June number of the 
Monthly : — 

Harriet 8S. Hazextrne, Worcester, Mass., Probs. I., II. 

GeorGE B. Hicks, Cleveland, Ohio, Prob. IIL. 

Davip Mercer, Okeana, Ohio, Probs. I., II. 

W. T. Jackson, Western College, Linn Co., Iowa, Prob. IT. 

Asner B. Evans, Madison University, N. Y., Probs. L, II., III, IV., V. 

O. B. WHEELER, Michigan University, Ann Arbor, Probs. III., IV., V. 

JosePH B. Davison, Oberlin College, Ohio, Probs. I., IL, III. 

GusTAVUS FRANKENSTEIN, Springfield, Ohio, Prob. IV. 

We have delayed the report of the Judges until our next number, in order to complete the 
article “ On the Indeterminate Analysis” in this volume. 

Prize Essays.— We have received four Prize Essays, and regret that Prof. Ferre’s 
absence has prevented the committee from giving their report in this number ; but we hope to 
be able to announce the decision in our next. 

Errata. — Page 108, for “b'’—d*” or “#— a’,” read “d?’— l?”; page 181, line 16, 
“z—y” should precede “x”; page 329, Prob. III., for “tan 245°,” read “tan 254°”; page 
874, for “t= 90°,” read “t = — 90°.” 

INDEXES. — Our special thanks are due to our friend and colleague, E. J. Loomis, Esq., for 
the Indexes to this volume. 

The Illustrated Pilgrim Almanac for 1861. Published in Aid of the Monument Fund. 
Boston: Published at the Office of the National Monument to the Forefathers, No. 13 Tremont 
Row. Wititarp M. Harpe, Financial Agent. 

Most of our readers are probably already aware that the first number of this Almanac was 
for the year 1860, and published in August, 1859. The success of the first number was such 
as to warrant its continuance, and to demonstrate that the publication will largely aid the Mon- 
ument Fund, not only directly, but by increasing public interest in the enterprise. It will be 
praise enough for the illustrations in the numbers before us, to say that they are by HamMattT 
BitirnGs, Esq., the designer of the Pilgrim Monument. 

The heads of the calendar pages in the number for 1860 represent several of the celebrated 
monuments of ancient and modern times; for the year 1861 they represent the discoveries of 
America, Florida, the Mississippi, St. Lawrence, Expedition of Sir Walter Raleigh, First Set- 
tlement of Virginia, Discovery of Hudson River, Settlement of Rhode Island, First Sabbath in 
New Haven, Settlement of Pennsylvania and Kentucky, and Emigration in the United States. 
Besides these, we find the Breakwater at Plymouth, England, Attempts of the Pilgrims to 
escape to Holland, the Pilgrim Meeting-House on Burying Hill, Plymouth, Capture of Anna- 
wan, and Immigration into the United States. The number closes with the names of 3,412 
members of the Pilgrim Society who have subscribed $ 5, or upwards. 

The calendars are given for five different parallels of latitude, — namely, Montreal, Boston, 
New York City, Washington, and Charleston, — thus making the work available for all parts of 
the United States and Canadas. 

The work is beautifully printed on fine tinted paper, and is as ornamental as useful ; and, at 
the low price of twenty-five cents a number, must have a large and steadily increasing sale. 
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BRIDGE, 150 
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Prize Problems for Students, 


Prize Problems, Solutions of, 
146, 178, 226, 258, 298, 330, 362, 
Essays, Report of the Judges on, 
Solution of last Problem in Emer- 
son’s North American Arithmetic, Re- 
view of, by BiGGEr, 
Probabilities, Notes on Theory of, by 
NEWCcOMB, 
Notes on, 
Solution of Problems in, by Hen- 
DRICKS, 














Problems in Imaginary Trigonometry, 

Prof. Perrce’s Portrait, 

Puck.e, G. Hare, An Elementary Trea- 
tise on Conic Sections, Notice of, 

Quadratures, Mechanical, Method of Inte- 
gration, by 

Quaternions, Elements of, by BARTLETT, 


97, 128, 172, 195 


Query, Reply to, 

RaMcHuNDRA, Solutions of Problems in 
Maxima and Minima, 

A Treatise on Problems of Maxima 
and Minima, solved by Algebra, Notice 
of, 

Report of the Board of Regents of the 
Smithsonian Institution, Notice of, 
Résumé de Lecons de Géométrie Ana- 
lytique et de Calcul Infinitéssimal, par 

BELANGER, Notice of, 

Right-Angled Triangles, Note on, by 

SNELL, 





Right-Angled Triangles nearly Isosceles, 
Commensurable Sides of, by Brown, 
Ricuarpson, Prof. J. M., Note on the 

Forty-seventh Problem of Euclid, 

Roots of Whole Numbers, Application of 
Binomial Theorem to the Extraction of, 
by Strone, 

Root, Prof. O., Notes on Analytic Trig- 
onometry, 

“ Rule of False,” Note on, by Woopsury, 

RuTHERFORD, Prof. W., Note on Frac- 
tions, 


1, 33, 73, 105,; SaLMon, Rev. GrorcGe, Lessons Intro- 
145, 177, 225, 257, 297, 329, 361 | 
2, 34, 74, 106, | 


ductory to the Modern Higher Algebra, 
A Treatise on Conic Sections, 
A Treatise on Higher Plane Curves, 
Notice of, 
Scumouz, WILLIAM, Surveyor’s and En- 
gineer’s Companion, Notice of, 
82 | School of Arts and Manufactures at Paris, 
| Scnoo.er, S., Note on the Ox Question, 
134 | Scientific Journal, 
272 Series, Note on, 
| Suerwix, Tuomas, The Laws of Falling 








393 | 
31 


234 Bodies, adapted to Elementary Instruc- 

871 tion, 

360 | Smitn, Coauncey, Mechanical Construc- 
tion of the Area of a Circle, 

$26 | Smithsonian Institution, Annual Report of 
Board of Regents of, Notice of, 

276 | SNELL, Prof. E. S., Note on Right-Angled 

29,| Triangles, 


Solution, Analytical, of the Ten Problems 


232| in Tangencies of Circles; also, the Fif- 
teen Problems in the Tangencies of 
41| Spheres, by Coakray, 





Computing, 
66 | Special Perturbations, Prof. Exckr’s Meth- 
od of Computing, Translated by Davis, 
254 | Strona, Prof. T., Application of the Bi- 


nomial Theorem to the Extraction of 


the Roots of Whole Numbers, 








295 A Treatise on Elementary and 
Higher Algebra, Notice of, 
336 | Stevens, Prof. M. C., Solution of Prize 


| Problem III. Vol. I. No. V., 
394 | Surveyor’s and Engineer’s Companion, by 
Scumoxz, Notice of, 
45 | Sarya-Siddhanta, Translation of the, No- 
tice of, 
| Tables of Vietoria, by BRiNNow, Notice of, 
249 | Tangencies of Circles, Problems in, by 
CoAKLAY, 
190 Tangencies of Spheres, Problems in, by 
267; CoAKLAY, 
| Tangents to any Conic Section, Locus of 
182! Perpendicular, by CHAUVENET, 


Special Perturbations, ENcKr’s Method of 


255 
254 
422 
263 
223 
186 


166 


116 


205 


205 


249 


254 


269 


391 
176 


416 


416 


419 
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Theoria Motus, Solution of Problem in, by 
CHAUVENET, 

Théorie des Fonctions doublement Péri- 
odiques et, en particulier des Fonctions 
Elliptiques, par Briot et Boguet, 
Notice of, 

Théorie Général de 1’Elimination, par 
Bruno, Notice of, 

Theory of Numbers, Proposition in, by 
WILLEY, 

Tracts, Mathematical and Physical, by 
BroveuaM, Notice of, 

Treatise on Attractions, LAPLACE’s Func- 
tions, and the Figure of the Earth, by 
Pratt, Notice of, 

Triangles, Right-Angled, with Commen- 
surable Sides, by Hoyt, 

Trisection of an Arc, Instrument for, 

TROWBRIDGE, Davin, Prize Essay on 
Central Forces, 


VaLias, Rev. A., On the Dependence of 


NaPieEr’s Rules, 
Variable, Transformation of the Derivative 
of any Power of, by WuITLOCcK, 


VeGA, Baron Von, Logarithmic Tables of 


Numbers and Trigonometrical Functions, 
Notice of, 
Victoria, Tables of, by BRuNNow, Notice of, 


VoseE, G. B., Note on the Theory of Per- 
spective, 
WeAvVER, E. B., Note on the Superior 
Limit of the Roots of an Equation, 
| WHEELER, Rev. A. D., On the Indeter- 
295| minate Analysis, 21, 55, 193, 
| Wuit Lock, Rev. G. C., On the Transfor- 
327| mation of the Derivative of any Power 
| of a Variable, 
| 


265 | 
} 
| 


263 | Wutey, H., Proposition in the Theory of 
Numbers, 

296 Woop, Prof. D., Problems in Division, in 
| which all the Figures in the Divisor but 
| the Right-hand one are Nines, 

356 | Wricut, CHauncey, Properties of Cur- 
| vature in the Ellipse and Hyperbola, 

264 | 


367 | 





The Economy and Symmetry of 
the Honey-Bees’ Cell, 

te oopBuRY, Capt. D. P., Note on the 
150; “Rule of False,” 


Answer to Prof. F. W. Barp- 


y 





285 | WELL’s Note “On the Horizontal 
| Thrust of Embankments,” Vol. IL. 
287 | p. 52, 
| Wricut, Artuur W., Remarks upon a 
| (supposed) new Instrument for the Me- 
253 chanical Trisection of an Angle, 
176 





266 


114 


398 


287 


262 


366 


198 


304 


267 


367 




















September, 


Che Franklin Globes. 


80 inch, Terrestrial, with quadrant and compass, on a ma- 





hogany frame with castors, style of cut No. 1, - $150.00 

80 inch, iron meridian plain frame, with castors ° - 100.00 
80 inch, Slate Globe on semi-frame, . ‘ ° ° 40.00 
16 inch, bronze pedestal stand, per pair, . . 75.00 
16 inch, wood frames, per pair, . ° ° 45.00 
16 inch Slate Globe, on semi-frame, . ° ° ° +» 12.00 
12 inch, bronze pedestal stand, revolving horizon, per pair, 45.00 
*12 inch, low bronze frame, with revolving horizon, . - 80.00 
*12 inch, fancy wood frame, no compass, per pair, . . 28.00 
10 inch, bronze stand, per pair, . . -« «+ -« 86.00 
*10 inch, bronze stand, per pair, a le 25.00 
*10 inch, wood stand, per pair, . 22.00 
* 6 inch, bronze stand, per pair, ° ° ° ° 9.00 
* 6 inch, bronze semi-frame, style of cut No. 6, . ° e 6.50 
16 inch Quadrants, . ° ° ° e ° ° 1.00 
12 inch Quadrants, ° ° -80 
10 inch Quadrants, . ° ° 75 


We furnish the Terrestrial and Celestial Balls for Masonic Columns. 
Price of 10 inch, per pair, $16; 12 inch, per pair, $18. 
Terrestrial or Celestial sold separate, at half the above rates. 


No charge for packing those marked with a * 


Quadrants accompanying each pair of 10, 12, and 16 inch Globes, at 
above prices. When single Globes are ordered, Quadrants are 
charged extra. 

“Their reputation has run out the necessity for description.” — 

N. Y. Teacher. 

“ Their 16 inch pedestal stands are magnificent.” — Home Journal. 
“They should be in every school-room in the State.’’ — Indiana 

School Journal. 

“ The new 12 inch, with revolving horizon, are models of accuracy, 
completeness, and elegance.” — St. Louis Republican. 





A New descriptive Catalogue is just published, and 
willl be sent on application to the manufacturers. 





1860. 
THE ATTENTION OF TEACHERS 


OF 


PBIMABY SCHOOLS 


1S INVITED TO THE 


SLATE PICTURES, 


as an important and useful aid to the 


INSTRUCTION OF THE YOUNG. 





They serve also to amuse the pupils when through their studies. 
And have been introdyced into the schools of Syracuse, N. Y., Salem, 
Mass., and other cities, with great satisfaction. 

The younger scholars can be made to trace the figures on thin paper 
with a lead pencil, if they cannot copy them on a common slate, 


Price, 12} cents, or $1.25 per dozen. 


¢ > 


OPINIONS OF THE PRESS. 


They ought to find their way into every family, and have been in- 
troduced into many of our schools. — Boston Transcript. 

This little book contains sixteen pages of outline drawings, intended 
to be copied by children upon their slates. It is very well adapted 


to the purpose, and supplies a want that has long been felt. — Wayne 
Sentinel. 


Were we teaching, we would have it to please, occupy, and profit 
the little ones, when weary with study. 





X. HAYWOOD, 

For many years a teacher in Troy, N. Y., now Editor of the Am- 
sterdam Recorder. 

This is a unique little work for children, blending amusement with 
useful instruction in a cheap and quiet way. Get the drawings and 
a slate, and let the children enjoy themselves, and learn to draw. — 
Attica Atlas. 


MOORE AND NIMS, 


Publishers, Troy, N. Y. 





OF THE STATE 


REGENT’S REPORT OF COLLEGES AND ACADEMIES, 


OF NEW YORK. 





we glean the following facts as to 


any other Readers. 


Gray’s Botanies were in thirty-five Academies. 


seven times as many Academies as any other. 


to become extensively known until quite lately. 





” 


TEXT-BOOKS USED IN ACADEMIES IN THE STATE IN 
Out of the 184 Academies in which Reading is taught, 114 used SANDERs’s, being more than three times the number of 


Fasquelle’s French Course was in 133 out of the 167 Academies which teach French. 
img Books are also gaining. As no other French work on the list exceeds twenty-three, Fasquelle was in more than 


Tue last Annual Report is dated, January 23, 1860, and embraces 250 pages. From the tables on subjects of study, &c., 


1859. 


Thomson’s Arithmetics were used in eighty-three Academies, and far more than any other. 
Robinson’s Series, lately published, will also appear largely in next report. 

Robinson’s Algebra was already in eighty-eight Academies in 1859, and is fast gaining. 
Colton’s Geographies were in forty-seven Academies. 


Fasqnelle’s Read- 


Woodbury’s German Method was used in fifty-eight Academies, being in more than half the Academies that 
teach German, and nearly four times the number of any other. 
Wells’s Natural Philosophy was in fifty-four Academies. 
Wells’s Chemistry was used in twenty-one Academies. These two books being but lately published, had not time 
They will be the leading books in the report of 1860. 
Hitchcock’s Geology was used in forty-seven Academies, — about four times the number of any other. It would 
have been still more largely in use but that many were waiting for the new edition just published. 
Willson’s History of the United States was used in sixty-seven Academies, — more than double any other, 
Willson’s General History was used in fifty-four Academies, — nearly three times the number of any other. 


The next highest on the list is sixteen. 
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GET THE BEST. 


WEBSTER'S UNABRIDGED DICTIONARY. 


NEW PLCLTOBIAL FRATTON. 


1,500 PICTORIAL 


ILLUSTRATIONS. 


G. & C. MERRIAM, Springfield, Mass. 


“The eighty pages of Illustrations, comparable in fineness to those of bank-notes, are worth the price of the 


book.” — Ch. Herald. 
THE DICTIONARIES. 


Ir is universally conceded by the leading booksellers, that no 
large work has ever had so extensive a sale in this country as 
Webster’s Quarto Dictionary. 

Since the addition of the elegant illustrations, synonyms, and 
other new features, the regular sales of the work have been forty 
per cent greater up to this date, (August, 1860,) than at any pre- 
vious period. 

The testimony of large jobbing-houses, as well as of retailers, 
corroborates the statement of the publishers of Webster, as to the 
immense present sale of their Quarto, as compared with that of 
the work which claims to be a rival. 

One Boston bookseller has sold one hundred and nineteen copies 
of Webster’s Pictorial, and only two copies of Worcester, and 
states that “it is all that have been called for.” 

The most extensive jobbing-house in the book-trade, in the city 
of Boston, has sold thirteen hundred and one copies of Webster’s 
Pictorial, and two hundred and twenty-nine of Worcester’s since the 
books were published. In other cities the proportion in favor of 
Webster is much larger, as the Trade well know, and as the fol- 
lowing statements show. 

One firm in Philadelphia has sold several thousand copies, and 
has publicly stated that their sales of the various editions of Web- 
ster amount in the aggregate to more than one hundred thousand 
copies per annum. 


“ Our sales of Webster, in comparison with Worcester, are in 
the proportion of about ten to one.” 
E. H. BUTLER & CO. 
Philadelphia, August 16, 1860. 


“We have sold, wholesale and retail, two hundred copies of 
Worcester’s Quarto Dictionary, and six hundred and eighty-six of 
Webster’s Pictorial.” 


D. APPLETON & CO. 
New York, August 16, 1860. 


“We have sold, since Ist of January, fifty copies of ‘ Worces- 
ter’s Quarto Dictionary,’ and two hundred and six of ‘ Webster’s 
Pictorial, Unabridged’ It may be mentioned, however, that the 
sales of Worcester’s book were all made within a few weeks after 
publication ; but after the first impulse, there was a sudden de- 





cline, and we have now little or no demand for it, while Webster is 
in steady request, and if anything, sales increasing.” 
IVISON, PHINNEY, & CO. 
New York, August 16, 1860. 


‘We have sold more than one hundred copies of Webster’s Pic- 
torial Dictionary, and two or three copies only of Worcester’s.” 
SANBORN & CARTER. 
Portland, August 13, 1860. 


“ We have sold six hundred and thirty-three copies of Webster’s 
Pictorial Dictionary, and forty copies of Worcester’s.” 
PRATT, OAKLEY, & CO. 
New York, August 17, 1860. 


“Since the publication of Worcester’s Dictionary, quarto, 
(February 24, 1860,) we have sold four Webster’s Quarto to one 


of Worcester’s.” 
COLLINS & BROTHER. 


New York, August 17, 1860. 


“We have sold four hundred and sixty-two copies of Webster’s 
Pictorial Dictionary since its appearance, and twelve copies of 


Worcester’s.” 
CLARK, AUSTIN, MAYNARD, & CO. 


New York, August 17, 1860. 


“We have sold three hundred and twenty-four copies of Webster’s 
Pictorial Dictionary, and only twelve copies of Worcester’s.” 
8S. C. GRIGGS & CO. 
Chicago, August 16, 1860. 
““ We have sold eight hundred and thirteen copies of Webster’s Pic- 
torial Dictionary, and one hundred and ten copies of Worcester’s.” 
A. S. BARNES & BURR. 
New York, August 17, 1860. 


“ We have sold three hundred and seventy-two copies of ‘Webster's 
Pictorial Dictionary, and eight copies of Worcester’s.” 


APPLEGATE & CO. 
Cincinnati, August 23, 1860. 


“Since the publication of Worcester'’s Quarto Dictionary, we 
have sold twenty copies of Webster's Pictorial Quarto to one copy 
of Worcester’s, and have filled all the orders we have received for 
the latter. 

MOORE, WILSTACH, KEYS, & CO. 


Cincinnati, August 24, 1860. 
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BRYANT, STRATTON, & PACKARD'S 
NEW YORK CITY MERCANTILE COLLEGE, 


18 and 19 COOPER INSTITUTE. 





” 


Tuis Institution is one of eight, forming the ‘ National Chain of Mercantile Colleges,” and 


located in the principal commercial cities reaching from the seaboard to the valley of the Missis- 


sippi, viz.: — 
Hew Pork, Philadelphia, Albany, Buffalo, Cleveland, Detrort, Chicago, and St. Louis. 


The facilities afforded in these Colleges for a thorough commercial education cannot be ex- 
celled in the country ; and the position which they hold in the community renders a diploma 
which they may issue the best guaranty which a young man can offer of thorough accountant- 
ship. 


A scholarship issued at one point is good for an indefinite period at all. 


b 


The system of Writing taught at all these Colleges is the pure “ Spencerian,”’ which is 


acknowledged by all business men and men of taste as the only practical system in use. The 
teachers at the various points are men of marked ability in their several departments, and the 
system of instruction is, in all respects, up to the demand of the times. 


The following testimonial we select from hundreds of similar purport : — 


* Coorer Institute, New York, Nov. 30, 1859. 
“To wHoM 1T MAY CoNCcERN : — 

“Tt affords me pleasure to state that Messrs. Bryant, Stratton, & Packard have, for a year past, had in operation a branch of 
Bryant, Stratton, & Co.’s Chain of National Mercantile Colleges, in the Cooper Institute, and that it has been eminently successful, 
and promises to be an important adjunct to the educational interests of the City of New York, and the country at large. I have 
found these gentlemen honorable and straightforward in their dealings, and am fully persuaded that they are thoroughly imbued 
with a sense of the importance of their profession. That this is the prevailing sentiment is evident from the class of patronage 
which they have received, and are receiving, at this point. They have now a large class in attendance, including the sons of some 
of our most prominent merchants and professional men, and I have no doubt of tii@ir ability to sustain themselves in their pres- 
ent high reputation, and to fulfil any reasonable anticipations of success in their enterprise of establishing Mercantile Colleges in 
the important commercial cities of the Union. Messrs. Bryant, Stratton, & Packard are worthy the sympathy and co-operation of 
all good men. Respectfully, 


“We fully concur in the above statement : 


“PETER COOPER. 


“DANIEL F. TIEMANN, 
WILSON G. HUNT, 
GEO. K. CHASE & CO., Bankers.” 


G& For particulars, as to terms and facilities, address as below, for Catalogue and Circular. 


BRYANT, STRATTON, & PACKARD, 
Cooper Institute, New York. 























Robinson's Complete Course of Mathematics 


FOR 


SCHOOLS, ACADEMIES, AND COLLEGES. 





This Series of Mathematics contains EIGHTEEN VOLUMES of well graded and 
progressive text-books, carefully and thoroughly prepared, in which the author has been assisted 
by some of the best practical, mathematical talent in the country. These books are adapted to the 
‘|wants of every grade of scholarship, from the beginner to the civil engineer, and college graduate. 





PROMINENT CHARACTERISTICS 


OF 


ROBINSON’S MATHEMATICS. 


The above books, although so recently published, have 
been recommended and adopted by hundreds of the most 
critical and successful teachers, for the following reasons : — 


1. For the typographical execution and general attractive- 
ness. 

2. For the philosophical and scientific arrangement of the 
subjects. 

8. For the conciseness of the rules, and the brevity and 
accuracy of the definitions. 

4. For the rigid and logical, yet full and comprehensive 
Analysis. 

5. For the new, original, and improved methods of opera- 
tions, not found in most other works of the kind. 

6. For the very large number and variety of practical ex- 
amples, — practical because adapted to the ordinary trans- 
actions of business life. 

7. For the easy gradation and progressiygpess, not only in 
the several books that compose the series, but in the arrange- 
ment and treatment of the subjects of each book. 

8. For their adaptation to the various grades of scholarship 
in all our schools. 

9. For the general unity of their plan, and the clearness 
and perspicuity of their style. 

10. For scientific accuracy, combined with. practical utility, 
throughout the whole. 

We desire to invite the attention of the thorough and prac- 
tical teacher, to two or three new books of this Series, just 
published, and which have not yet been submitted to test of 
the class-room. 








ROBINSON'S PROGRESSIVE HIGHER ARITHMETIC, 


DESIGNED FOR 


HIGH SCHOOLS, ACADEMIES, AND COMMERCIAL COLLEGES. 
(408 pp.) Price, 75 cents. 


This work is now ready, and possesses many new and origi- 
nal features. It is not a compilation of old authors, but a 
work of high order, a complete and. comprehensive text-book 
on the science of numbers, embracing not only those subjects 
necessary to give the pupil a thorough business education as 
a farmer, mechanic, and ordinary business man, but those 
that shall qualify him for the higher and more abstruse oper- 
ations of the Counting-room, and of Mercantile and Commer- 
cial life. 


Particular attention has been given to the preparation of 
those subjects, but partially treated in most other similar 
works, a knowledge of which is absolutely essential to make 
good accountants, and commercial business men; and among 
them, Percentage, in its numerous applications to Stock- 
Jobbing, Brokerage, Insurance, Banking, averaging Accounts 
Current, Interest Accounts, Domestic and Foreign Exchange, 
etc. 


Very many improvements in the matter and methods have 
been introduced in the subjects of Fractions, Decimals, Repe- 
tends, Compound Numbers, Percentage, Alligation Roots, 


Progressions, etc. 
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ROBINSON'S COMPLETE COURSE OF MATHEMATICS. 





ROBINSON’S 
Heo Geometry and Crigonomeiry, 


EMBRACING 


PLANE AND SOLID GEOMETRY, PLANE AND SPHERICAL 
TRIGONOMETRY, WITH THE COMMON LOGARITHMIC 
TABLES, 


(420 pp.) Price, $1.50. 


In this new book many important theorems have been 
added, and the methods of demonstration in many instances 
have been entirely changed. New and original demonstra- 
tions of some of the more important principles have been 
given, and the practical problems and applications both in 
the Geometry and the Trigonometry have been greatly in- 
creased. 

At the same time no attempt -has been made to present all 
the known propositions in Geometry ; we have taken such 
only as, united and combined, will give the pupil complete 
power over the science, and make his geometrical knowledge 
efficient, useful, and practical. 

It is believed that this work will meet a desideratum long 
sought for by teachers of this science, and that it is better 
adapted to the wants of teacher and pupil than any other 
work extant. 





SPECIAL NOTICE TO TEACHERS. 
KEYS 


TO THE 


PROGRESSIVE PRACTICAL ARITHMETIC, 


THE 


NEW ELEMENTARY ALGEBRA, 


AND THE 


UNIVERSITY ALGEBRA, 
are published, and the ‘ 


KEY TO THE PROGRESSIVE HIGHER ARITHMETIC 
will be published the first of October. 





The Key to Robinson’s 


Algebrx, Geometry, Surveying, Caleulus, ete. 


in one volume, will be ready in January, 1861. 


This will be an invaluable work for both the teacher and 
the student. 


tions of all the problems in Robinson’s Higher Mathematics. 


It will contain the most concise and best solu- 


—_——_—_—. 


Robinson’s 


Sualptical Geometry and Conic Sections, 
new and enlarged, will be ready in January, 1861. 


The author in preparing this work will endeavor to make 
every part of the subjects clearly comprehensible to common 
minds, so that every one who his been moderately successful 
in acquiring a knowledge of /.lgebra can understand Ana- 
lytical Geometry. 


Robinson’s 


Differential und Integral Calculus, 


in a separate volume, rewritten and enlarged, will be published 
in January, 1861. 


This work will be fully and clearly illustrated, and numer- 
ous applications made of principles to practical problems. 


The other books of the Series will remain as they now 
are. 


fas For twenty-five Sori Paces or Trstrmontats from practical and successful educators, see 
Ivison, Putnney, & Co.’s Descriptive CaTaLocug, and “ CiacuLar.” 


rat Single copies of such books of the above Series as are used in classes sent at half price to 


Teachers for examination with a view to introduction. 


Bas Liberal terms for first supplies. 


IVISON, PHINNEY, & CO., 
Publishers, 48 and 50 Walker Street, New York. 
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ALS. BARNES & BURR'S CIROULAR 
To ya and Professors: 


New York, June 6, 1860. 
Havina just issued Professor Davies's new work, entitled Exements or ANALYT- 
ICAL» GEOMETRY, AND OF THE. DivFERENTIAL AND INTEGRAL Cacutes, one 
volume, we propose to send you a copy, post-paid, for examination, on receipt of 
ONE DOLLAR, it being one half the retail price. 





Very truly, your obedient servsinih 
A, 8. BARNES & BURR, 


51 and 53 John Street. 


P. S. . We would add, that should you desire to examine any of our late Text- 
Books, or any of the Text-Books belonging to the “* National Series,” with refer- 
ence to their introduction into your institution, we will take pleasure in sending a 
single copy of each for that purpose, at one half the retail prices, post-paid. 





New Text-Books ‘Recently Published. 


Boyd's English Composition and Rhetoric, . . $0.80 | Woods's First Part of Class-Book of Botany. . $0.75 
Davies's New Blementary Algebra, . . . . 0.75 | Bmmons's Manual of Geolgy . . -. . . 1.25 
Davies's University Algebra. . 1.25 | Chadbourne’s Lectures on Natural History, . . 0.75 
Brooks's Casar’'s Commentaries (illustrated). . 1.25 | Carl’s First Book of Natural History. . . . 0.40 


rock's Ganot's Popular Physics, . . . . 1.00 | Smith & Martin’s Bookkeeping, . . . . 0.75 


Do you own a Copy of 


DAVIES AND PECK’S MATHEMATICAL DICTIONARY? 
This Book contains Definitions of all Mathematical Terms. 


THE CAPITAL COLLEGE. 
BRYANT, STRATTON, CALKINS, AND CLARK’S 


Albany Mercantile College, 
446 and 448 Broadway, Albany, N. Y. 


One of the associated Colleges located at Albany, New York, Philadelphia, Buf- 
falo, Cleveland, Detroit, Chicago, and St. Louis. “A Scholarship admits the holder to 
of the schools, as his interest or inclination may dictate. 
ite Colleges have acquired a NATIONAL REPUTATION, and their facilities and 
success are without a parallel, as the thousands who annually attend them will testify. 
Catalogue and Circular, with specimens of Spencerian Penmanship, will be for- 
warded without charge, to any address, on application to 


BRYANT, STRATTON, & CO., 
ALBANY, N. ¥. : 









































